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Questions of the correctness of the formulation are considered for problems
of controlling heat and mass transfer. The possibility of decisive choice

of a control from a given class is elucidated. The efficiency of the regu-
larizing operator for solving the problem is confirmed by mathematical ex-

periments on a computer.

The effectiveness of the mathematical-modeling method for solving problems of the con-
trol of technological processes within the framework of a general variational formulation
is well known [1-3]. In this formulation, the desired quantity is some controlling func-
tional parameter (cause) ensuring a control result which is specified in advance (effect),
and hence problems of this type belong to the class of inverse problems. This entails spe-
cial attention to questions of the correctness of their formulation, and often this prob-
lem is solved at the algorithmic level using particular regularizing algorithms [4-6].

In the present work, on the basis of these concepts, some problems associated with non-
linear processes of high-temperature chemicothermal treatment of the samples in gas fur-
naces are discussed. Considering the problems of cementation and heating for subsequent
treatment, in each case only one of these problems is mentioned, because of their mathema-
tical similarity.

1. The cementation of steel samples, usually within the framework of a spatially one-
dimensional model, is described by the conditions
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where u = u{x, t) is the carbon concentration in the sample material; u, is the initial con-
centration, corresponding to the grade of steel; D(u) is the diffusion coefficient; 8'u) is
the thermokinetic coefficient, characterizing the mass transfer at the sample boundar7; w(t)
is the carbon potential of the furnace, regarded as a function of the time.

The problem of interest here is to choose w(t), for known D(u), R(u), and u,, such that
the required cementation profile ¢(x) is obtained at time t:

u(x, 1) = ¢ (). (2)

Noting that the control class w(t)eW, where W is some metric space, it is chosen :n ac-
cordance with a priori information on the influence of particular controlling functiors on
the result. Here the behavior of u(x, t) is determined by the problem in Eq. (1): u(s, t)e
AW, where A is a nonlinear operator implicitly specified by the conditions in Eq. (1). Since
the resulting profile is also specified by those conditions, the two following possibilities
exist:

a) @ is the profile actually achievable with the given W:&EAW; then the problem is
equivalent to the operator equation

Aw=q, WEW, ¢ = g€, (3)
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Fig. 1. Types of control: a) step; b) continuous.

Fig. 2. Model of constant (over time) control: 1) specified; 2)
initial approximation; 3) solution of the problem when a = 107%;
= 930°C, u, = 0.15%Z C; t = 30 h.

where ¢ is a metric space coinciding in this case with AW;

b) & is only the desirable cementation profile, but is unachievable with W: $EAW; then
Eq. (3) has no solution, and hence the formulation is incorrect.

In the latter case, only some approximation to the desirable result may be expected,
and it is natural to call the solution of the following variational problem the optimal ap-
proximation

W = arg Hvlyf P (Aw, ), (4)

which is known to exist in view of the continuity of A.* The quantity & = p®(Aw, ¢) here
gives the smallest possible (on W) deviation of the optimal profile from the desirable pro-
file. This means that, with § specified in advance (8 < §), the problem of choosing w from
the condition pQ(Aw, ¢) < 8 is also found to be incorrectly formulated, since its solution
with W is nonexistent, and in this case it appears that the formulation is not valid [1].

Note that, within the framework of any stable algorithm, the solution in Eq. (4) may be

interpreted as the solution of Eq. (3) when ¢ = ¢, where ¢= arg inf ppld, $) = HPAW¢ [71.
AW

Therefore, the problem of the uniqueness of the solution of Eq. (3) with the specified ¢sAW
is of equal interest in both cases. Its positive solution is not only of theoretical impor-
tance with respect to the correctness of formulation of the problem in Eq. (3) {11, but also
raises the question of the choice of w from W, one of which may be "more convenient' than
another, for example, for technical reasons.

2. Analysis of the uniqueness is now undertaken for a formulation of the problem some-
what different from Eq. (3). Specifically, the initial data of the control problem are taken
to be the concentration field {u}; in a time band that is as narrow as desired Q¢ = {(x, t):
0<x< t—e<t<t}

The requirement of analyticity of the functions B(u), D(u) when ue[uy, up] where uy =
max u(x, t), and also of w(t) when te[0, t], is called condition (a). Note that, for D(u)
Q¢

and B(u), this condition does not limit the class of real models too much.

LEMMA. With the condition (a), the specified {u}, with a fixed € > 0 that is as small
as des1red, corresponds to the unique function u(t) = u(0, t), the boundary conditions of
concentration variation over time when te[0, £1.

In fact, with condition (a), the unique solution of Eq. (1) is an analytic function [8],
and hence u(0, t) is analytic when te€[0, t]. At the same time, for Ve > 0, the specified
u(t) = u(0, t) when te[t — g, t] is also analytic. It has the unique analytic continuation
u(t) (for example, over the complex plane z = t + ic [9]) on the segment [0, t], which proves
the above assertion.

* The formulation in Eq. (4) is also necessary for problems of interpretation (discrimination)

(1], when the right-hand side of the corresponding Eq. (3) is burdened with errors, so that
¢=RW.
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The conditions on the coefficients of Eq. (1) are refined by requirement (B): D(tv), B(u)
> 0 when us[ug, uyl.

The condition that u(0, t) = u{t) with known u(t) is considered as an addition tc Eq. (1.
It may be expected that this set of conditions uniquely determines a pair of functions: (u(x,
t), w(t)); this is equivalent to unique solution of the problem: p(t) > w(t). In fact, the
following theorem holds.

THEOREM. With conditions (a) and (B), the specified u(t) corresponds to a unique control-
ling function w(t), te[0, t].

This theorem is proved by the method of integral identities proposed for an analogous
purpose in [10].

For any ¢(x, t)ECZ’l(af), 61
following identity holds

{(x, t): 0<x <& 0<t<T}, at any 7: 0< t < t, the

Liw, @)= [ | (D). —uiqdo = { | (bew— 1) 9do =0, (5)
). )

Qy

u
where b = b(u) = [ D(s)ds, so that by = D(u)uy.
Ug

Suppose that there are two pairs of functions (ug(x, t), wg{t)), s = 1, 2 satisfying the
conditions in Eq. (1) and the additional boundary condition. Then, integration by parts,
taking account of the conditions in Eq. (1), leads, after simple identity transformations, to
the result

T

0 =L (uy, wy)— L(ty, wWp)=— \'.{(blx — bye) Plemo + (01— Dg) Qulei} df —
)

I
— [ (1 — ) @lrmedl + [ [ (1 — ) (9 + peor) o,
o vy

Q

where p = (b, — b,)/(u, — u,) when u; # u, and p = D(u,)/u, when u; = u,, p > 0. Next ¢ is
chosen from the conditions ¢+ + pdgx = 0, (%, £)eQc; 0x(2, t) = 05 ¢(0, t) = x(t) > Otx(t)#
O)s ¢(X, T) = 0.

As shown in [8, 10)], the solution of this problem exists for any continuous Xx. Then,

the preceding identity may be written in the form
T T

0= [ {D(u)a;, — D (e) g omor (0t = [ {B(w) (1w — 1) — B (W) (1 — w3)) et = | (D) (0) .
0

0 0
Hence, since T and x(t) are arbitrary, it follows that x(t) = 0 almost everywhere in [0, tl,
and then, with condition (a), k(t) = 0 and hence B (u(t)) (w,(t) — w,(t)) =0. Since §{u) is
positive, it follows that: w,{(t) = w,{t), which proves the theorem.

COROLLARY. With conditions {(a) and (B), for any fixed € > 0 that is as small as desired,
the given {u}. corresponds to a unique function w(t).

Note that, in order to prove the preceding theorem, it is sufficient to require, instead
of (a), that

D(u)€C' {uo, tin], B()EC [y, U], n()E€C0, 1.

At the same time, it is obvious that, with analogous conditions regarding the thermal :on-
ductivity k(u) and volume specific heat c(u), the results transfer to the correspondinz prob-
lem of controlling heating.

Of course, the above analysis does not give an exhaustive solution of the uniqueness
problem, but the result established gives an idea of the possibility of obtaining a unique
solution of the problem which is of interest here, where the initial information is the depth
of the cementation profile. This permits practical confidence that, in the case of unique
Ipaw & (the general conditions for which were studied in [7] for interpretation problens),
any stable algorithm for solving Eq. (4) leads to the same result.
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Fig. 3. Model of step (a) and continuous (b) controls: 1)
specified; 2) initial approximation; solution of the prob-
lem with inaccurate data: 3) § = 1073, o = 107%; 4) § =
1072, a = 107%; 5) § = 107!, a = 1072 (a), 1072 (b). T =
930°C, u, = 0.15%Z C, t = 30 h.

3. The stability of the problem in Eq. (4) is understood in the sense of convergence
of any minimizing sequence {w,} [1] in the metric of some enveloping space W > W. This
problem may be unstable since small variation in Aw in the set ¢ may correspond to variation
w(t) that is as large as is desired, generally speaking. Nevertheless, a regularized mini-
mizing sequence {wn} may be constructed, on the basis of the assumptions that: a) the set
W introduced a priori is a compact in W; and b) it is algorithmically ensured that {wn} be-
longs to this compact. The latter requirement is conveniently realized using a "stabilizer"
{1] @(w), the construction of which depends on the choice of the compact W.

In (11, 12], a step control and a continuous control with one element were considered
(Fig. 1) as an alternative to specifying a constant level of the carbon potential. This is
equivalent to parameterizing the function w(t) and replacing it by a set of a small number

of parameters p = {p;,...,pp}. In this case W = R,, and the compactness of W is achieved
by specifying a stabilizer of the form
n
Q) =lw—ulk, = 3 g: @ — ), (6)
i=1

where w 1is a specified vector; q; are specified constants (qqi > 0).

Continuous _control w = w(t) of sufficiently arbitrary profile gives broader possibilities.
In this case, W= clo, t], and the compactness of W is achieved by introducing a stabilizer

i
Q(w) = lwlléo.q = | 1w’ (¢F + g (0 db, 7)
0

where q; and q, are specified constants.

In both cases, the minimizing sequence may be constructed from extremals of the '"smooth-
ing" functional

F(2) = p% (4w, ¢) + aQ(w), (8)
considered in a sequence {ap} which converges to zero.

In the case where an estimate § of the tolerance for deviation of the approximation of
the metric ¢ is known in advance — pg(Aw, ¢) < 8 — and where the problem of choosing w from
a set defined by this mixed inequality is correct, this inequality may be used to interrupt
the sequence of extremals w, = wON according to the condition

min o2, (Awon, @) — 82, (9)

This condition, corresponding to the discrepancy principle in interpretation problems [1],
allows the approximation to the extremal to be chosen in the given case.
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Fig. 4. Concentration profile with model step control, corresponding
to curve 4 in Fig. 3a; T = 930°C, u, = 0.5%2 C, t = 30 h. x, mm.

Fig. 5. Concentration profiles: 1) specified a priori; 2) correspond-
1ng to continuous control; 3) "exponential'; T = 930°C, u, = 0.307% C,
=5h, t, =7.5 h, f =10 n.

The realization of the given algorithm in computer programs includes the following ele-
ments: a) minimization of the functional in Eq. (8) for each a, by the method of "formal
search," analogous to the method of coordinate descent [13]; b) repeated solution of the
boundary problem in Eq. (1) within the framework of the given minimization algorithm, using
an iteration—difference procedure similar to:that in [14], with an accuracy 0(aAx? + it)
{151.

4. Mathematical experiments have been conducted for the cementation problem with the
following physical parameters
D(u) = (0,04 + 0,08u) exp (—31350/1,987T;) {cn?/sec),

B (1) = 1,36-10"% exp (—11100/1,987-T,) (cm/sec) [12],

T, =T 497315, [=10 m, Ax= ——f Al = -],
% 10

A. The question of the effectiveness of contrclling the cementation by choosing 2 cons-
tant (over time) level w of the atmospheric carbon potential is resolved by the followving
experiment.

The range we[0.9; 1.21% C] is considered, and the controlling parameters also include
the temperature Te[910; 930°C] and the cementation time t€[30, 100 hi. The numerical char-
acteristics ¢(x) are chosen as follows: $(x) = {Ugyrs Nbos Niot}s Where Ugyy = u(0, £, hpg
and htot correspond to the depth of the layer (from the surface) with concentration uy, =
0.8% C and upg = u, + 0.05%Z C (at t = t), respectively.

Finally, an analog of the functional of the problem in Eq. (4) is introduced

’
o]

3 ~
~R = gl (fl (p)/(Pl)29 fl (P) == usur(p) — Lzsur, ]tz (p) == h(ubo’ p) _— //lb

~

Folp) = (v P)— gy

Since in this case the problem reduces to minimizing a function of three variables, tle prob-
lem is stable. Direct approximate estimation of its solution by the "formal-search” nethod
leads to the following values of the characteristics of the cementation profile and tle cor-
responding controls
wa 1,21%C, T~910°C, 1~30n;
i ™ 1,02% C h z A4 mm, Ao~ 2,00 mm .

Experiment shows that, within the framework of the given algorithm, optimal values may
be obtained within limits specified in advance. Note that, if a less sharp drop in ccncen-
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1 \\\\ Fig. 6 GControl corresponding
{ 4 to concentration profile in

' curve 2 (1) and 3 (2) in Fig.
X 5.
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tration with depth (hp, » 0.1 mm) is of interest, the character of the control w(t) must
be changed.

B. The next experiment concerns verification of the effectiveness of the algorithm here
developed on well-known models. In this case, from the specified controlling function w(t),
the "final" cementation profile ¢(x) = u(x, t) is determined by solving Eq. (1), and then
the inverse problem is solved using Eqs. (8) and (9).

Since ¢(x)eAW in this experiment, § is determined solely by the errors of the computa-
tional scheme (relative error v1073), so that the algorithm operates essentially as for the
problem of interpreting initial data that are close to the accurate data. To simulate spe-
cification of ¢(x) outside the limits AW, perturbations at different levels are introduced,
according to the formula

N
WWE%=¢ﬁﬁ§/Z 2,
=1

where £ie[—1, 1], § = 1073, 1072, 1071

The following control models are considered: w constant over time; w(t) piecewise cons-
tant; and w(t) continuous and piecewise smooth. The parameters of these functions are shown
in Figs. 2-6.

The results of solving the inverse problem are shown in Figs. 2 and 3 in comparison with
those specified by the models, and the concentration profile corresponding to Fig. 3a is
shown in Fig. 4.

On the basis of these results, the error in specifying the carbon potential required in
order for the tolerance in the concentration distribution with depth to fall within speci-
fied limits may be determined. For example, the error 1-27 in Fig. 3a corresponds to a tole-
rance of 1072 (§ < 1072).

C. Finally, consider the result of searching for a control ensuring the profile speci-
fied in advance in Fig. 5 (curve 1). Searching for the solution w(t) in a set of continuous
functions, even for a small number of points (n = 5), leads to the result in Fig. 6 (curve 1),
corresponding to curve 2 in Fig. 5.

Also in Figs. 5 and 6, the experimentally achievable concentration profile (curve 3) and
control (curve 2) found using the algorithm in Eqs. (8) and (9) are shown.

Thus, the analysis allows the type of control ensuring the required cementation structure
of the samples to be effectively predicted.

5. Without significant change, the given algorithm may be extended to the problem of
controlling the temperature field in dynamic conditions. However, the final result of the
thermal process — the creation of a near-uniform temperature field — is more interesting.
The corresponding problem is solved using the given algorithm.

In this case, the whole formulation is changed. With specified tolerance on the non-
uniformity &, it is required to choose the controlling potential w(t) so that the given re-
sult is obtained in minimal time. The mathematical formulation of the problem in variational
form is

1= inft(w), , (10)
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wvhere t{w) is implicitly specified by the condition p¢(t/ (Aw, ¢) = 8§ at specified & and
constant temperature level ¢, under the condition that weW, a compact specified in advance.

For the limiting case B(u) = », a similar problem which will not be discussed in detail
here was solved in [6].
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APPLICATION OF ITERATIVE REGULARIZATION FOR THE
SOLUTION OF INCORRECT INVERSE PROBLEMS

0. M. Alifanov and S. V. Rumyantsev UDC 536.24

The solution of inverse heat-conduction problems using regularizing gradient
algorithms is considered.

Many structures in various engineering fields operate in conditions of intensive aad
often extremal thermal treatment. The general trend is associated with increase in ths num-
ber of thermally loaded engineering objects and with increasingly rigorous conditions of
thermal loading, with simultaneous increase in reliability and working life and decrease in
volume of the material. Questions regarding the maintenance of thermal conditions als> oc-
cupy an important position in the design and development of technological processes associ-
ated with the heating and cooling of materials, for example, in the continuous casting of
steel, various methods of heat treatment of metals, glass production, foundry processes,
growing hdgh-temperature single crystals from melt, etc.
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